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Introduction

We model decentralized matching as a sequential bargaining game1 , with nontransferable utility and perfect information. The order in which players may make
proposals to other players to form a coalition is determined exogenously. When it is
their turn (we assume every player gets at least one turn), a proposer invites a subset of
players to join a coalition. Players in the proposed coalition then sequentially accept or
reject the invitation. If all accept, the coalition is formed and, effectively, all its players
are removed from the game. If one player refuses, it is then the turn of the next player
in the order to make a proposal. If all the proposals of a player are rejected, then that
player can only accept or reject proposals made to them by others.
1 Sequential

bargaining as in our model has its origins in Stahl (1972, 1977) and Rubinstein (1982).
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The process continues for a predefined number of rounds or until no players remain
who have not become members of a coalition. At a terminal node, players who remain
unassigned to a coalition are assigned to singleton coalitions. Note that, without further
assumptions, a player may have their proposal rejected but the same proposal, made
subsequently, may be accepted. Thus, following Bloch and Diamantoudi (2011), we
assume that delay in forming a coalition is costly. We call these games Sequential
Proposer Games (SPG).
Since we assume delay is costly, there are no indifferences in preferences, players
can accept or reject proposals, and players can make a proposal to themselves, SPGs
possess several immediate properties:
1) There is a unique subgame perfect Nash equilibrium (SPNE).
2) The SPNE involves no delay.
3) the outcome of the SPNE is individualy rational.
We also prove several, less immediate results about SPGs:
4) The SPNE matches soulmates.2
That is, it matches all coalitions consisting of players not already in coalitions that
are most preferred by all its members from the remaining set of possible coalitions.3
An important consequence of this is that:
5) When all players are soulmates, the SPNE outcome coincides with the unique
core outcome.
We note however, that in general, the games we consider do not select a core coalition structure; the core may well be empty. Finally, our most striking and indeed,
surprising, result concerns Pareto optimality.
6) When each player is able to make “enough” proposals (at least one more than
the number of possible coalitions containing the player), the SPNE outcome is Pareto
optimal.
We call games satisfying the condition of this Theorem Sequential Repeating Proposer
Games (SRPGs) .
To what extent the number of proposals that can be made by each player affects
the outcomes of bargaining games is largely unknown. The Theorem shows that the
number of proposals a player may make can have a profound effect on the outcome of
a non-cooperative coalition formation game. On the other hand, the order of proposers
2 To the best of our knowledge, there is no other non-cooperative game theoretic model showing conditions under which a SPNE matches soulmates.
3 See Leo et al. (2021) for the properties of matching soulmates.
For the purposes of this paper, it is
important that not all players need be matched as soulmates.
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has no affect on the fact these games match soulmates (as long as every player gets at
least one turn to propose). We postpone a discussion of the relationship of our work to
the literature to a later section, and we discuss possible extensions in the conclusion.

2
2.1

Modeling Decentralized Matching
Environment

We consider a well known model described in Banerjee et al. (2001) of an environment
populated by a set of players N = {1, . . . , n} who must be partitioned into coalitions.
A coalition T ∈ 2n is a set of players, and a coalition structure π is a partition of the
total player set into coalitions. For a player i, let πi be the coalition in the partition π
containing i.
In many situations coalitions face feasibility constraints; for example, coalitions
may be constrained to consist of at most k individuals. Generically, let T denote the
set of feasible coalitions, which we assume to always include singleton coalitions, {i}.
For a player i, we denote the subset of feasible coalitions that include i by Ti ⊂ T .
Each player i ∈ N has a strict preference ordering i over Ti . A profile of preferences
 (or profile for short) is a list of preferences for every i ∈ N . Given a profile = (
1 , ..., i , ..., n ), the list of preferences for all players except i is denoted by −i .
In addition, we assume that players have lexicographic preferences over time, that is,
for all t < t0 , joining a coalition T at time t is strictly preferred to joining T at time t0 .4

2.2

Sequential Proposer Games

We model the decentralized process of hedonic coalition formation using a natural noncooperative game with perfect information.5 In the game, players sequentially propose
coalitions that are then accepted or rejected by their prospective members. We term
such games sequential proposer games (SPGs).
Formally, an SPG is a game of perfect information in extensive form with player set
N , a set of feasible coalitions T , a preference profile  over coalition structures, and
an ordered list of players O = (i1 , i2 , ..., im ), in which each player i ∈ N is included
at least once.6 The ordering determines the order in which players can make proposals
to other players (or to themselves alone) to form coalitions.
The game begins with the first player in the ordering, say i, proposing a coalition
T ∈ Ti . The players in T then sequentially decide whether to accept the proposal. If
all players in T accept the proposal then those players have no decision nodes in the
remaining subgame and, in particular, they can no longer make proposals (they loose
4 Time can be measured by the number of actions that are taken to go from a node to a final outcome. Our
use of lexicographic preferences was inspired by Bloch and Diamantoudi (2011). Alternatively, we could
assume discounting, but any positive level of discounting would lead to the same results.
5 A hedonic game is simply a game with ordinal preferences over coalitions of membership.
6 For now, there are no further restrictions on O; for example, if N = {1, 2, 3} the ordering O may be
(3, 1, 2) or (1, 1, 3, 2, 3).
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their places in the ordering).7 In either case, after this accept/reject phase, we arrive
at a new subgame where it is the next player’s turn in the ordering to make a proposal
(provided that she has not already joined a coalition).
The process continues until there are no more opportunities for coalitions to form
– either (a) all players are in coalitions or (b) the mth player in the order has made a
proposal and players to whom the proposal is made have responded. In case (b), the
remaining players, if any, become singleton coalitions. In either case, the outcome is a
coalition structure.
We illustrate the mechanics of this game through a simple example.
Example 1. Consider an SPG with four players N = {1, 2, 3, 4}, and the order of
proposers O = (1, 2, 3, 4) in which the size of each coalition is at most two (roommate
problem). Suppose that the profile of preferences is as follows:
1:
2:
3:
4:

{1, 4} 1
{2, 1} 2
{3, 2} 3
{4, 3} 4

{1, 2} 1
{2, 4} 2
{3, 1} 3
{4, 2} 4

{1, 3} 1
{2, 3} 2
{3, 4} 3
{4, 1} 4

{1}
{2}
{3}
{4}

The following is an example scenario:
1. Player 1 proposes to {1, 4}, and 4 rejects the proposal.
2. 2 proposes to {2, 1} and 1 accepts the proposal. The group is formed and both 1
and 2 are removed from the game.
3. 3 proposes to {3, 4} and 4 accepts the proposal. The group is formed and 3, 4
are removed.
The partition that results from this sequence is π = {{1, 2}, {3, 4}}.

2.3

Equilibrium Properties of Sequential Proposer Games

As we demonstrate below, there are several important properties that hold in any subgame perfect Nash equilibrium of an arbitrary accept-reject game:
• individual rationality (players can propose to themselves and reject all other proposals),
• matching of soulmates (players who most-prefer to be together are matched, even
in a more general sense discussed below), and
• when the game is “IMS-complete” (see below), the outcomes are in the core of
the derived cooperative game.
7 Informally, we can think of those players who all agree to be in some proposed coalition as leaving the
game; their assigned coalition is determined and they have no further actions in the game.
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Surprisingly, Pareto optimality is not necessarily satisfied by an SPNE outcome, as
we show presently.
An outcome π is Pareto optimal if there does not exist another feasible outcome
π 0 that is strictly preferred by a nonempty subset of players N 0 ⊂ N and to which
all other players, N \N 0 are indifferent. In our context this means that an outcome is
Pareto optimal if there is no collection of players who can all be made better off by a
reshuffling of coalition memberships among these players while maintaining the same
coalition memberships of all remaining players, if any.
We begin our analysis with two examples that illustrate the subtleties involved in
analyzing SPGs. For simplicity we consider pairwise matching in the examples, but
our model does not restrict the size of coalitions. What is particularly revealing is
that small and seemingly inconsequential changes solely to the order of proposals can
have significant changes in equilibrium outcomes. The following example illustrates a
SPNE with an outcome that is not Pareto optimal.
Example 2. Consider a roommate problem8 with a set of 6 players, {1, . . . , 6} who
have the following preferences:
1:
2:
3:
4:
5:
6:

{1, 3}
{2, 1}
{3, 2}
{4, 3}
{5, 2}
{6, 5}

1
2
3
4
5
6

{1, 4}
{2, 5}
{3, 4}
{4, 1}
{5, 4}
{6, 1}

1
2
3
4
5
6

{1, 5}
{2, 4}
{3, 1}
{4, 5}
{5, 1}
{6, 2}

1
2
3
4
5
6

{1, 2}
{2, 3}
{3, 5}
{4, 2}
{5, 3}
{6, 3}

1
2
3
4
5
6

{1, 6}
{2, 6}
{3, 6}
{4, 6}
{5, 6}
{6, 4}

1
2
3
4
5
6

{1}
{2}
{3}
{4}
{5}
{6}

Suppose the order of proposers is O = (1, 2, 3, 4, 5, 6). The SPNE outcome of this
game is {{1, 5}, {2, 4}, {3, 6}}, as argued in appendix A. This outcome is not Pareto
optimal, as {{2, 5}, {1, 4}, {3, 6}} is a Pareto improvement.
Our next example illustrates that with a change in the ordering of players Paretooptimality may be achieved. In this example, we make only a minor modification of
Example 2: letting player 1 move twice in the very beginning rather than just once.
Example 3. Specifically, the new order is O = (1, 1, 2, 3, 4, 5, 6); everything else (in
particular, the set of players, their preferences, and feasible coalitions) is the same as
exmaple 2. We now show that this modification results in coalitions in which players
are completely reshuffled. First, it is immediate that if any proposal by 1 is rejected in
the very beginning, the subgame becomes identical to the game in Example 2. Having
this in mind, suppose that 1 makes an offer to {1, 3} at the initial node. If 3 rejects,
then 3 is matched with 6 in the resulting subgame. Clearly, 3 strictly prefers to be in a
coalition with 1, and would therefore accept. Once the coalition {1, 3} is formed, 2 and
5 prefer to be with one another rather than with anyone else, and the resulting coalition
must be formed as well (see our discussion of this below, in the context of iteratively
matching soulmates). Consequently, the SPNE outcome is {{1, 3}, {2, 5}, {4, 6}}. It
is easy to verify that this outcome is Pareto optimal.
8 The stable roommates problem models an environment where a set of players need to be matched into
groups of no more than two and was originally introduced by Gale and Shapley (1962)
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We next proceed to prove several interesting and useful characteristics of subgame
prefect Nash equilibria of SPGs, as well as some properties of their equilibrium outcomes. We start with some additional notation. Define a T-subgame as the subgame
of an SPG in which an offer T has been made and the players i ∈ T \{i} sequentially
decide whether to accept or reject this offer. For any proposal T , denote the subgame
in which T is rejected by AT R and the subgame in which T is accepted by AT A . Note
that each such subgame of an SPG is itself an SPG, with the caveat that we lift the
restriction that each player appears at least once in the order O.
Recall that, as in any subgame of a game, if a player does not own any decision
nodes in that subgame, then the player has no more choices to make; this holds for all
those players who, at prior decision nodes, joined coalitions. A subgame allows the
possibility, however, that one or more players may no longer be able to make proposals
but still may own decision nodes requiring them to accept or reject proposals.
First, we make a simple observation.
Observation 1. For any strict subgame A, and for any two feasible proposals T, T 0 ,
AT R = AT 0 R .
This follows immediately from the fact that if a proposal from a player i is rejected
the outcome is independent of the specific proposal T that was made.
The next lemma serves largely as a tool in subsequent results, but may be interesting in its own right as it addresses the issue of coordination faced by players who
had just received a proposal to be on some coalition T and who all prefer T to the
outcome that would materialize if this coalition were rejected. We show that in an
SPNE such a coalition T will always be accepted, but observe that this is entirely a
consequence of the sequential nature of the accept/reject decisions and the assumption
of lexicographic preferences. In particular, if players were to decide coalition membership simultaneously, the game becomes one of coordination and a host of “bad”
equilibria could emerge in which, for example, a collection of players jointly reject
the coalition that is better for all players in the collection. In contrast, with sequential
decision-making the coalition T is selected. Lexicographic preferences ensure that, in
this situation, players do not reject a proposal to join T even if T would still be formed
in a subsequent subgame.9
Lemma 1. Consider a T -subgame of an arbitrary subgame A for a proposal of coalition T . Let AR be the subgame in which T is rejected and let ΠR be the set of
SPNE outcomes of AR . Suppose that ∀πR ∈ ΠR and ∀i ∈ T either T i πR,i , or
T = πR,i . 10 Then all i ∈ T will accept T in every SPNE of the T -subgame.
Proof in appendix A.
9 A player i may make a proposal to all members of T but, if the player makes a proposal that is rejected,
could receive a proposal from another member of the coalition T who appears later in the ordering. Note
also that it is possible for a player i to make an offer of coalition {i} and then reject the proposal, thus
remaining available to join another coalition later in the game. In any case, as we will see, this will not
happen in an SPNE.
10 Where π
R,i is the coalition to which i is assigned in πR .
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Next we present one of the main results of this section: all subgame perfect Nash
equilibria involve no delay, and result in a unique outcome.
Theorem 1. In any SPNE of an arbitrary subgame A, all proposals are accepted along
the equilibrium path. Moreover, the SPNE outcome is unique.
The proof of Theorem 1 is obtained by backward induction and is provided in appendix A.
While the above result shows that an SPNE has the property that at every proposer
node along the equilibrium path, the SPNE offer is accepted. Of course a strategy must
still specify what happens at every other node of the tree, including nodes that would
follow a non-SPNE proposal or rejection of am SPNE proposal.

2.4

Outcome Properties

Having characterized the structure of subgame perfect Nash equilibria of an SPG, we
now consider whether the unique outcome satisfies important properties. Individual
rationality is immediate, since the strategy of rejecting every proposal will, in our game
model, leave each player by themselves, and they can therefore do no worse in any
subgame perfect Nash equilibrium.
Proposition 1. Every SPNE outcome of any SPG is individually rational: each player i
is at least as well off as in the singleton coalition {i}.
Out second result of this section regards whether the outcome is a core outcome.
The set of players N and their preferences  determines a (hedonic) cooperative game
of coalition formation. An assignment π of players to coalitions is in the core of this cooperative coalition formation game if there does not exist a coalition of players T ⊂ N
with the property that for all i ∈ T , T i πi . As the following example demonstrates,
the outcome of and SPNE in and SPG will not always be partition in the core, even
when the core is non-empty.
Example 4. Consider a bipartite matching problem with a set of 6 players, {1, . . . , 6}
who have the following preferences:
1:
2:
3:
4:
5:
6:

{1, 4}
{2, 5}
{3, 6}
{4, 3}
{5, 3}
{6, 2}

1
2
3
4
5
6

{1, 5}
{2, 4}
{3, 5}
{4, 2}
{5, 1}
{6, 3}

1
2
3
4
5
6

{1, 6}
{2, 6}
{3, 4}
{4, 1}
{5, 2}
{6, 1}

1
2
3
4
5
6

{1}
{2}
{3}
{4}
{5}
{6}

1
2
3
4
5
6

{1, 2}
{2, 1}
{3, 1}
{4, 5}
{5, 4}
{6, 4}

1
2
3
4
5
6

{1, 3}
{2, 3}
{3, 2}
{4, 6}
{5, 6}
{6, 5}

Suppose that all of the above coalitions are admissible, and that the order of proposers
is O = (1, 2, 3, 4, 5, 6). The unique SPNE outcome of the SPG is {{1, 5}, {2, 6}, {3, 4}}.
However, {3, 5} is a blocking pair, and this game has two core outcomes: {{1, 5}, {2, 4}, {3, 6}}
and {{1, 4}, {2, 5}, {3, 4}}.
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However, despite not always leading to a core outcome we now show that SPG
equilibria implement another important property, iterated matching of soulmates (IMS) (Leo
et al., 2021). This property helps provide a sufficient condition to guarantee that SPG
outcomes are in the core.
IMS captures the idea of forming coalitions (from the set of players not already
in coalitions) which are mutually most-preferred by all of their members. Formally,
a coalition T is a coalition of (1st-order) soulmates if for all i ∈ T , T  T 0 for all
T 0 ∈ Ti . IMS is the iterative application of this criterion. In every iteration, match all
coalitions consisting of soulmates among players not matched in prior rounds.
Informally, this criterion may be of independent importance because any mechanism, centralized or decentralized, which does not match players who wish to be
with one another might be ill perceived. A more formal motivation is that all coalitions matched by IMS are blocking coalitions (Leo et al., 2021), and players in blocking coalitions may create instability.11 Moreover, implementing IMS has important
consequences for incentive compatibility and core stability. Next, we show that SPG
subgame perfect Nash equilibrium outcomes always match soulmates in this iterative
sense. More precisely, let T̂IM S be a collection of coalitions produced by IMS. We say
that SPG implements IMS in SPNE partition π if T̂IM S ⊆ π.

Proposition 2. Every SPNE of an SPG implements IMS.
Proof. We prove this by induction.
Base Case: We show that every soulmate coalition must be formed by any SPNE.
Consider a SPNE s in which all proposals are accepted (this is sufficient, since such
an SPNE always exists and all SPNE result in a unique outcome by Theorem 1), and let
π be the corresponding SPNE outcome. Let T be a coalition of soulmates and suppose
that it is not formed by s. Let i ∈ T be the earliest proposer in T and let πi be the
coalition to which i is assigned by s. Suppose i proposes to T . By Lemma 1 and the
fact that T is a coalition of soulmates, all members of T will accept this proposal. Because T i πi , i strictly prefers to propose T than to propose πi , s cannot be a SPNE.
Inductive Step: Suppose that all coalitions of kth order soulmates (i.e., from the first
k rounds of IMS) are formed. We now show that all soulmate coalitions from k + 1st
round form as well. We do this by a similar contradiction argument as the base case.
Again, let s be an SPNE with outcome π, and let T be the coalition of k + 1st
round (conditional) soulmates (i.e., soulmates if all soulmate coalitions from previous
k rounds form), and suppose T is not formed. Let i ∈ T be the earliest proposer in T
and let πi be the coalition to which i is assigned by s. Suppose i proposes to T . By
Lemma 1, the fact that T is a coalition of conditional k + 1st round soulmates, and
11 As shown by Leo et al. (2021), the assumption that all players can be matched as soulmates is weaker
than the top coalition property of Banerjee et al. (2001).
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the inductive hypothesis, all will accept this proposal (since they cannot possibly be on
a coalition with anyone from the first k IMS rounds, and strictly prefer T to all other
coalitions). Since T i πi , i strictly prefers to propose T than to propose πi (which
cannot contain any coalitions including soulmates from the first k rounds of IMS), s
cannot be a SPNE.
As shown by Leo et al. (2021), if IMS matches all players, the resulting outcome is
the unique core coalition structure. The following corollary then follows.
Corollary 1. Suppose that all players can matched by IMS. Then every SPNE of an
arbitrary SPG yields the unique core coalition structure.

2.5

Sequential Repeating Proposer Games and Pareto Optimality

As we showed in Example 2, SPNE outcomes of an arbitrary SPG need not even be
Pareto optimal. Recall, however, that the SPNE outcome of Example 3 is Pareto optimal. Thus, as we had observed, ordering over the players can potentially restore Pareto
optimality. We now use this insight to devise a restriction of SPGs—specifically, restricting the orderings over proposers—which allows us to guarantee that the outcome
is always Pareto optimal.
Specifically, we propose a class of SPGs which we term Sequential Repeating Proposer Games (SRPGs). In an SRPG, the order O over players is such that each player i
can make |Ti | + 1 proposals before we move on to another player. It turns out that this
condition suffices to guarantee Pareto optimality.12
Example 5. Consider again Example 2, but now let the order allow each proposer to
propose seven times, that is, O = (1, 1, 1, 1, 1, 1, 1, 2, 2, . . . , 5, 5, 6, 6, 6, 6, 6, 6, 6).
If the very first proposal by 1 is rejected, it is not difficult to show, through a slightly
modified argument as in Example 2, that the SPNE outcome is {{1, 5}, {2, 4}, {3, 6}}.
Consequently, as in Example 3, if 1 proposes to {1, 3}, 3 will accept, and the resulting
SPNE outcome of the SRPG is the Pareto optimal outcome {{1, 3}, {2, 5}, {4, 6}}.
Again, just as the Example 3, the last proposal by 1 serves as a credible threat of
the inefficient outcome if the proposal is rejected, which creates the incentive for 3 to
accept an offer it would otherwise have rejected.
Theorem 2. Every SPNE of a SRPG is Pareto optimal.
Before we prove Theorem 2, we make several observations.
Observation 2. Consider a proposer i and consider k < |Ti | + 1 so that i is proposing
for the kth time (having been rejected k−1 times). Let πik be the coalition i is assigned
to in the SPNE of the game that starts with this kth proposal. Then either πik i πi,k+1
or πik = πi,k+1 .
12 Recall that in any SPG all proposals are accepted. Thus, the size of the set |T | is immaterial here,
i
since players would only ever make a single proposal in equilibrium. It is only the potential of making these
proposals that matters.
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This follows from observing that if πi,k+1 i πik , then in SPNE, when i proposes
for the kth time, i should make a proposal that will be rejected, contradicting Theorem 1.
Corollary 2. It follows that there must be some k̄ such that πik̄ = πi,k̄+1 , since i can
propose more times than there are possible coalitions for i to propose to.
Observation 3. If πk is the SPNE outcome of the game beginning with player i’s kth
proposal and πik = πi,k+1 , then πk = πk+1 .
This follows because the subgame that follows i proposing to πik and being accepted is the same whether it occurs following i’s kth or k + 1th proposal. Specifically,
the next proposer j is the same (the next player in the ordering O who is not in πik )
and the set of available players for j to propose to is the same.
Lemma 2. Let π1 be the SPNE outcome of a subgame A1 with player i proposing for
the first time, and let π2 be the SPNE outcome of A2 , the subgame which results if i’s
first proposal is rejected. Then π1 = π2 .
Proof. We will show that if πik = πi,k+1 , then πi,k−i = πik . The result then follows
from Observation 3.
Assume πik = πi,k+1 . From Observation 2, πi,k−1 i πik or πi,k−1 = πik . If
πi,k−1 = πik , then by Observation 3 πk−1 = πk and the result follows as shown below.
Assume instead, for contradiction, that πi,k−1 i πik . Then since the coalition
πi,k−1 is accepted by all its members, we have that ∀ j ∈ πi,k−1 , πi,k−1 j πjk .
Now since πi,k−1 i πik , we must have that if i proposes the coalition πi,k−1
on her kth proposal, it is rejected. Otherwise, if it were accepted in SPNE, i would
propose πi,k−1 and the coalition would be formed, with player i better off as a result,
contradicting the fact that it’s an SPNE outcome of the game starting with i’s kth proposal. This implies that for some j ∈ πi,k−1 , πj,k+1 j πi,k−1 . But since πk = πk+1 ,
we have that πjk j πi,k−1 j πjk , a contradiction. Thus, it is not the case that
πi,k−1 i πik , so it must be that πi,k−1 = πik , implying that πk−1 = πk .
By recursively applying what we have shown thus far, that πik = πi,k+1 implies
πi,k−i = πik , beginning with the k̄ from our Corollary to Observation 2, we have that
π1 = π2 , as desired.
We now proceed to prove Theorem 2 by contradiction. Let π be the SPNE outcome of an SRPG. Suppose, for contradiction, that the set of coalitions π 0 is a Paretoimprovement over π. That is, each player j has πj0 j πj with at least one player
having πj0 j πj . We will show that this implies π is not an SPNE outcome.
Since π 6= π 0 , there are some players on different coalitions in π and π 0 . Let Q be
the set of such players, and let i ∈ Q be the first such player to propose.
Claim. All players in πi and πi0 are still available when i proposes for the first
time. If this were not the case, then there must have been some other player j who
proposed before i who is in πi0 but not πi (note that all members of πi are in Q, so i is
the first member of πi to propose, which implies by Theorem 1 that all members of πi
are available when i first proposes). But then j ∈ Q, contradicting the premise that i is
the first player in Q to propose.
10

Now, let A be the subgame starting with i’s first opportunity to propose. Since π 0
is a Pareto-improvement over π, from strict preferences over coalitions it follows that
πi0 j πj for all j ∈ πi0 . By Lemma 2, if these players j reject a proposal of πi0 , they
will be assigned, in SPNE, to πj in the subgame AR that begins if i’s first proposal is
rejected. Thus, if i’s first proposal is to the coalition πi0 , all members of the coalition
will accept. Therefore, since πi0 i πi , i will propose to πi0 and this proposal will be
accepted. Thus π is not, in fact, an SPNE outcome of the SRPG, since the SPNE outcome is unique by Theorem 1.
While SRPGs do resolve the Pareto optimality issue, If example 4 is extended to use
the SRPG order, it still results in the same outcome, which is not in the core. Nevertheless, it has been argued that Pareto optimality may itself be a compelling stability
property in many coalitional settings (Morrill, 2010).
In summary, SRPG equilibrium outcomes are individually rational and implement
IMS (inherited from general SPGs), and, in addition, are Pareto optimal. Moreover, in
equilibrium there is a unique outcome with no delay in forming coalitions. From the
perspective of decentralized hedonic coalition formation with complete information,
this is a strong set of properties. However, complete information is a strong assumption
we would like to relax in practice. To do so, in a companion to this paper, ?supp)
consider the design of a centralized matching process in which players report their
preferences over coalitions to a direct mechanisms that implements the SPNE of an
SPG on those reported preferences.
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Related Literature

Coalition formation is an important topic in economics and game theory and has had
a long and distinguished history, going back to Edgeworth (1881), who discussed the
concept of the contract curve, now known as the core.
Multiple papers studying coalition formation games begin with a cooperative game
and then design a strategic game whose equilibrium outcomes are in the core of the cooperative game or satisfy some other notion of stability from cooperative game theory,
such as the stability of the von Newman- Morgenstern stable set. See, for example,
(Harsanyi, 1974; Binmore, 1985; Gul, 1989; Hart and Mas-Colell, 1992; Okada, 1996;
Perry and Reny, 1994; Seidmann and Winter, 1998; Bogomolnaia and Jackson, 2002;
Bloch and Diamantoudi, 2011; Herings et al., 2010; Kóczy, 2015).
Other literature in this same spirit employs concepts of approximate cores. Selten
and Wooders (1991) and Lehrer and Scarsini (2013) implement the ε-core while Arnold
and Wooders (2015) implement an ergodic club equililibrium.13 Many of these papers
assume that if a proposal is rejected, then the first person to reject the proposal becomes
the proposer. It is intuitive that this forces a proposer to make a proposal that will be
accepted.
13 The concept of an ε-core which requires that no set of economic agents can improve upon an outcome
by more than ε for each person in an improving coalition. The ergodic core consists of a set of states with the
property that, once a dynamic process reaches a state in the ergodic core, the process remains in the ergodic
core.
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One of the issues of some of the above literature is the order of proposals. One paper that particularly focuses on this issue is Moldovanu and Winter (1995). Moldovanu
and Winter reanalyze the game proposed by Selten (1988). In Selten’s game the SPNE
depends on the assumed order of moves. Moldovanu and Winder show that an allocation is in the core (of the underlying NTU game) if and only if for every possible order
of moves it is an outcome of a stationary subgame perfect equilibrium.14 Our work
emphasises the important role that allowing players to make multiple offers can have.
While the order of proposals in our approach is fixed it has an analogue in serial
dictatorship. Serial dictatorship also specifies a fixed order but this order can be made
probabalistic, as in the seminal work of Bogomolnaia and Moulin (2001). As in that
paper the ordering of proposals in an SRPG could be probabilistic. This might help
ensure fairness properties.
There is a much smaller literature on coalition formation that, like our work, begins with a strategic game of coalition formation. See, for example, Bogomolnaia and
Jackson (2002). Much of this literature deals with applications, for example, to public
good provision (Liu, 2018), and thus is not closely related to our paper.

4

Conclusions

We consider sequential non-cooperative coalition formation games with a finite horizon. In these games, players propose coalitions, which are then sequentially accepted
or rejected. We analyze subgame perfect Nash equilibria of the resulting perfect information game. Our first key result is that there is a unique no-delay equilibrium (all
proposals are accepted in every equilibrium), and the equilibrium outcome is unique.
Our second major positive result is that in a subgame perfect Nash equilibrium coalitions that are mutually most-preffered (soulmates), even in a stronger iterative sense,
are always formed. While this result is of independent interest, we also use it to provide
a sufficient condition for the core outcome to be implemented in an equilibrium of our
game. Finally, we exhibit a restricted class of games, where the restriction is on the
exogenously specified order of proposers, in which equilibrium outcomes are Pareto
optimal.
Our most significant results demonstrates that the number of proposals a player can
make may have important effects on the equilibrium outcome of the game. Theorem 2
shows that with a sufficient number of sequential proposals, the equilibrium outcome
is Pareto optimal. However, Pareto optimality is not guaranteed if a player can only
propose, for instance, once. This result is both novel and surprising, with the proof
requiring all the results obtained before this theorem.
While Theorem 2 is an interesting result for the class of coalition formation games
considered, it also inspires a number of questions. Most important, can similar results
be obtained for other classes of games? Are there other situations in which the ability
of players to make multiple proposals can lead to Pareto improving outcomes? This
14 Perry and Reny (1994) go further and assume that time is continuous and any proposer can make a
proposal at any time (with some additional conditions of course. The outcome of a RPG can depend on the
order of players. The discussion of the order of proposals in Perry-Reny is insightful and important but their
approach, with continuous time, is outside of the scope of this paper.
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may be of particular interest in political environments. The door is now open to the
investigation of these, and other, related questions.
In the supplementary material to this paper, Hajaj et al. (2021) consider the design
of a centralized matching process in which players report their preferences over coalitions, and a centralized mechanism partitions the players into coalitions. A significant
advantage of the centralized process is that it allows for incomplete information about
player preferences. This, however, poses significant theoretical challenges. Hajaj, et
al. use computational methods, to consider Sequential Proposer Mechanisms (SPMs).
In instances where preference reports are truthful, the outcome properties are the
same as those of the equilibrium of the SPGs considered her. While SPMs involves
a substantial computational burden to implement exactly, several approximations by
construction, maintain individual rationality and the matching of soulmates. Using an
algorithm for finding an upper bound on the number of untruthful players Hajaj et al.,
show that SPM and its approximate versions introduce few incentives for manipulation
in several classes of the roommate problem, as well as settings with 3-player coalitions.
In extensive computational experiments, Hajaj et al. evaluate the properties of SPM in
both exact and approximate versions, in terms of social welfare (a much stronger notion
than Pareto optimality, using cardinal preferences over coalitions) and fairness (using
several natural notions thereof). The authors show that, in comparison with random
serial dictatorship, which serves as a calibration baseline for empirical results, SPM
achieves high social welfare and has desirable equity properties.
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A

Additional Proofs

Details of Example 2 Suppose that all of the above coalitions are feasible, and that
the order of proposers is O = (1, 2, 3, 4, 5, 6). For example, if 1’s offer is rejected, 2
makes an offer. If that gets rejected, then 3 makes an offer, and so on. We now derive
the subgame perfect Nash equilibrium outcome of this game (which turns out to be
unique, as we show later).
1. Consider any subgame in which player 6 makes an offer. Clearly, every offer will
be accepted, since rejection implies that the player who rejects an offer becomes
a singleton (and each player in our example prefers to be on a coalition with
anyone to being by themselves).
2. Consider a subgame in which players 1-4 have all been rejected, and it is player
5’s turn to make an offer. If any offer by 5 is rejected at this point, the outcome
will be {{1}, {2}, {3}, {4}, {5, 6}}, since 5 is 6’s most preferred coalitionmate,
and by the preceding logic. Consequently, any offer by 5 to coalitions with players 1-4 will be accepted. Since 5 most prefers 2, who is still available, this is the
offer 5 will make, and it will be accepted. Moreover, since 1 is the most preferred
remaining player by 6, the outcome in this subgame is {{1, 6}, {2, 5}, {3}, {4}}.
SPNE outcome in this subgame: {{1, 6}, {2, 5}, {3}, {4}}.
3. Consider a subgame in which players 1-3 have all been rejected, and it’s player
4’s turn to make an offer. If player 4 makes an offer to {3, 4}, the coalition {3, 4}
will form if 3 accepts or coalitions {3}, {4} will form if it rejects (from subgame
(2) above). Since 4 prefers 3 to any others, he can do no better than making
an offer to {3, 4}, with the outcome being {{1, 6}, {2, 5}, {3, 4}}. It is thus an
equilibrium of this subgame for 4 to offer to {3, 4}, and for 3 to accept. SPNE
outcome in this subgame: {{1, 6}, {2, 5}, {3, 4}}.
4. Consider a subgame in which players 1 and 2 have been rejected, and now it’s
player 3’s turn. If player 3 makes an offer to {2, 3}, 2 prefers to reject, because 2 prefers to be with 5 (the outcome of subgame (3)) than with 3. If
player 3 makes an offer to {3, 4}, this offer is accepted, and the outcome is
again {{1, 6}, {2, 5}, {3, 4}}. Making any other offer cannot improve 3’s utility.
SPNE outcome in this subgame: {{1, 6}, {2, 5}, {3, 4}}.
5. Consider a subgame in which player 1 was rejected, and player 2 now makes an
offer. If 2 makes an offer to {1, 2}, 1 will accept, because if 1 rejects, they end
up paired with 6 (subgame (4)), and 1 prefers being with 2. Since 1 is the most
prefered pick by 2, 2 would strictly prefer making this offer to any other. Thus,
coalition {1, 2} will form. Once this happens, {3, 4} will coalition up since they
are then conditional soulmates, which implies that {5, 6} will coalition up as
well. SPNE outcome in this subgame: {{1, 2}, {3, 4}, {5, 6}}.
6. Now, consider player 1’s options. If 1 makes an offer to {1, 3} or {1, 4}, it will
be rejected, because both 3 and 4 prefer to be with each other than to be with 1
(and they end up together if they reject 1). If 1 makes an offer to {1, 5}, 5 will
16

accept, since 5 prefers to be with 1 than to be with 6 (which is the outcome if
5 rejects 1’s offer). Consequently, 1 will make an offer to {1, 5} in equilibrium,
and 5 will accept, forming the coalition {1, 5}. Now, by the time 2 gets to move,
1 and 5 are off the market. Suppose that 2 and 3 then make offers which are rejected. If 4 then makes an offer to {3, 4}, 3 will accept, because otherwise both
will end up by themselves (since 6 will make an offer to {2, 6}). Since 3 accepts,
the coalitions {3, 4} and {2, 6} form in this subgame, with the resulting SPNE
outcome in this subgame being {{1, 5}, {3, 4}, {2, 6}}. Backing up, suppose it’s
3’s turn to make an offer. If 3 offers to {2, 3}, 2 will accept, because otherwise
2 ends up with 6. Since 2 is 3’s most preferred player, the coalition {2, 3} will
then form. Consequently, the SPNE of the subgame in which 2 is rejected after
1 and 5 coalition up is {{1, 5}, {2, 3}, {4, 6}}. Finally, suppose that 2 makes
an offer to {2, 4}, its most preferred remaining coalitionmate. 4 will then accept, since rejecting the offer will cause 4 to be coalitioned up with 6, who is
less preferred than 2. Consequently, the coalitions {2, 4} and {3, 6} will form.
This means that the following outcome is a SPNE outcome of the full game:
{{1, 5}, {2, 4}, {3, 6}}.
Proof of Lemma 1 We prove this by induction, after noting that AR is unique by
Observation 1.
Base Case: Suppose that the coalition T has been proposed. Consider an arbitrary
sequential order of accept/reject decisions for players in T . Suppose that i is last in that
order and all players before i have accepted. Then i will clearly accept since for any
πR ∈ ΠR , by assumption either T i πR,i or, if T = πR,i and, from lexicographic
time preferences this holds even if, in a further subgame, another proposer proposes T
and it is accepted.
Inductive Step: Consider a player i such that none of the players k < i in the
accept/reject order have rejected. Our inductive hypothesis is that if i accepts, then in
every SPNE of the residual T -subgame all players k 0 > i (which follow i in the order)
accept. It is immediate that i’s unique optimal strategy is then to accept, since for any
πR ∈ ΠR either T i πR,i , or T = πR,i , and acceptance is preferred by lexicographic
time preferences. The final step is to observe that when i is the first player in the order,
none of the players before i have rejected, because no one precedes i.
Proof of Theorem 1 We prove this by showing the result for a subgame with only
one remaining proposer and then appealing to backward induction.
Base Case: Consider an arbitrary subgame with only one player, i, who can still
make a proposal and the set of feasible coalitions for i, denoted by Ti (none of the others
matter). We show that in this subgame in every SPNE all proposals are accepted and
result in a unique outcome. First, define TiIR = {T ∈ Ti |T j {j}∀ j ∈ T } ∪ {i},
that is, a subset of feasible coalitions in which every coalition is preferred by all its
members over being by themselves unioned with {i}. Clearly, every coalition offer
T ∈ TiIR other than {i} will be accepted. Let Ti∗ be i’s most preferred coalition in
TiIR . If Ti∗ = {i}, by lexicographic preferences i strictly prefers to propose to and
to accept coalition {i}. Otherwise, Ti∗ i {i}. Because all j ∈ Ti∗ accept and form
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a coalition, coalitions which have been formed thus far are fixed, and any remaining
players become singletons, the subgame has a unique SPNE outcome.
Now consider the player who is the next to last proposer. Standard backward induction for extensive games with perfect information can now be applied and the above
result holds for the “rolled back” game. This can be continued until the first player in
the ordering O is to make an offer, which proves the result.15

15 It is interesting to note some differences between this Theorem and Zermelo’s Theorem and its extensions presenting uniqueness results for SPNE of extensive form games with perfect information. Zermelo’s
Theorem requires strict preferences and each terminal node of the game is unique. We do not necessarily
have uniqueness of each terminal node and players may be indifferent between some terminal nodes – those
that assign them to the same coalition.
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